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| NTRODUCTI ON

Modern textbooks on macroeconomcs treat noney in a remarkably
uniform - and remarkably silly - way. In the primary exposition
the stock of "noney" is treated as exogenous in the two senses a)
that it is determned outside the nodel and b) that it has no
accounting relationship with any other variable. The reader is
then invited to assume, pro tem, that the central bank controls
"the noney supply" SO that it is constant through tine. Wen the
operations of banks are described, typically sone thirty chapters
later, the quantity of noney is sone multiple of conmercial

banks' reserves as a consequence of these institutions having
becone "l oaned up".

Silly? The noney stock, as revealed in real life financial
statistics, is as volatile as Tinkerbell - for good reasons, as |
shall argue below. How can it be sensible to undertake a thought
experinent in which the flickering quantity called "noney" is
literally constant through periods at |east |ong enough for
capital equipnent to be planned, built and comm ssioned - and for
lots of other things to happen as well? And the other, "noney
multiplier", story has the strange defect that, while giving sone
account of how credit noney mght be created, it conpletely
ignores the inpact on spending of the counterpart changes in bank
| oans which are assuned to be taking place; perhaps it is because
| oan expenditure would nmess up the solution of the IS LM nodel
when alternative assunptions about "the noney supply" are used,
that the supposed process of noney creation normally gets
separated from that of inconme determ nation by so nmany chapters’

"This paper is part of a research programe | am undert aking
in collaboration with George McCarthy and owes a special debt to
Ken Coutts and Anwar Shaikh. | amgrateful to Sheila Dow and
CGeorge Bibow for their conments on an earlier draft.

‘It is interesting that Joseph Stiglitz, in his 1996
Marshal | |ectures at Canbridge, enphatically took the view that

the | SLM nodel could not be used for realistic policy guidance,
drawi ng particular attention to the fact that the |SLM node
assunes a constant noney stock and has no place for a financia



The bibles of the neo-classical synthesis don't help. There is a
spectacul ar lacuna in the constructions presented, for instance,
by Patinkin, Sanuelson and Mdigliani with regard to the asset
side of commercial banks' balance sheets. Usually the role and
even existence of bank credit is sinply ignored. Modigliani
(1963) gives banks (with regard to their assets) no role other
than to hold governnent bonds; and MIton Friedman fanously used
a helicopter when he wanted to get nore noney into the system

There is a reason for all this. It is that mainstream

macr oeconom cs postulates in its basic nodel that nmacroeconom c
outcones are all determned by relative prices established in
Wal rasian markets. Individual agents are held to engage in a

mar ket process of which the outcone is to find prices for
product, labour and noney which clear all three narkets plus, by

Walras's law, the market for "bonds". But as is now well known,
there is no use for noney in the Walrasian world even though
paradoxically, "noney" is a logical necessity if the nodel is to
be sol ved.

The i npoverished and anbi guous role of noney and credit in the
standard nodel carries over when the nmarket process does not
quite work because of rigidities or information failures. Thus in
the system proposed by Malinvaud (1974) (to take only one
exanple), in which the prices of labour and product are assuned
to be wholly exogenous, no market clears except by accident. Yet
all agents know exactly what to do - how nmuch of x they are going
to exchange for y (?having produced it instantaneously) - as soon
as exogenous prices are declared, so there is still neither any
need nor any place for inventories or finance. But the Malinvaud
nodel still needs a noney stock if it is to have a solution

t hough this is not enphasised!

ANOTHER TRADI T1 ON

A radically different macro-economc tradition does exist
although this is largely, for the tinme being, ignored. The nanes
which cone first to (ny) mnd are Wcksell, D H Robertson
Keynes (when not witing the General Theory), Kaldor, G aziani
and Hicks, particularly Hcks (1989) as well as a |arge nunber of
authors in the post-Keynesian tradition (e.g. Chick, Davidson
Sheila Dow, Way, Mnsky and Moore). Threads |inking these

aut hors, and distinguishing them sharply from today's mainstream
is first their perception that investnent, production and
distribution are processes which take up historical tine - a
peri od which nust elapse before sales can take place, hence
generating a systemc need for finance. A second thread is the
perception that all decisions have to be taken in a state of
uncertainty, Wwthout agents knowi ng what their sales or incones
are going to be.

system



In what follows | am going to present a greatly sinplified, but
within its limtations realistic, nodel of how a nodern nonetary

econony nmay work. Looked at one way, it contains nothing new.
Keynes, Kaldor and H cks (I hardly need say) all had very well
wor ked out notions as to how economes - extrenely conplicated

i nt erdependent systens changing through historical tinme -
function. The trouble is that none of these authors chose to
formalise their systens, so it is extrenely difficult to teach
them reliably or rigorously, and there remains a penunbra of
anbiguity around too nuch of what they wote; for instance, there
is still nmuch room for argunment about "what Keynes really neant".

| shall instead adopt the mnethodol ogy pioneered by James Tobin®
wherein a whole nodel is set out formally and then subjected to
nunerical sinmulation; it is perhaps the only way in which the
properties of a very conplicated dynam c system can be
ascertained with precision. The nodel is large by the standards
of theoretical nodels, having about eighty equations. But even
so, a great many sinplifying assunptions have been nmade to
prevent the scale of this (prelimnary) operation from getting
conpletely out of hand. | amall too aware that for sonme people I
will have sinplified away sonme of the features of a nonetary
econony which they regard as crucially inportant. For instance, |
have assuned that the econony is closed and that househol ds
neither borrow nor invest; and all ny asset demand and supply
functions work nechanically so there is no place for waves of
confidence which can generate substantial cycles of activity. |
just have to ask the reader to suspend disbelief on these, and
some ot her questions.

It is a matter of ascertainable fact that the real world is
characterised by a huge and conplex structure of interdependent
institutions such as governnents, firns, banks and househol ds. |
do not accept that these institutions are "veils" wth nothing
more to do than passively sponsor or facilitate the optimsing
aspirations of individual agents; and wi sh, rather, to start from
a conceptual franmework which takes cognisance of (sonething
renotely approaching) the real world as we know it. However
crudely notivated and characterised, ny nodel will provide an
account of a conplete system of physical and financial stocks and
fl ows between four sectors, evolving through historical tine.

At a nore theoretical level, followng Hcks (1989), ny nobde
incorporates the fact that "markets" in real life can only, wth
extremely rare exceptions, function by virtue of the activities
of professional internmediaries who both buy and sell, and who

My debt to Tobin is enornous; | coul d not possibly have
made this nodel without his work, particularly on asset choice.



therefore hold inventories®‘and quote fix-prices. As Hicks' put
it

The increnent in...stock, during a period, is the difference
between what is held at the end and what was held at the
begi nning, and the beginning stock is carried over from the past.
* = i n_onlv bhe used 11 a recursive

i ; 4 directlv
determine price, as Walras and Marshall had used it.' (Emphasis

added)

| nvest nent, production and distribution all take tine and are all
activities which have to be undertaken under conditions of
uncertainty. One role of the financial system wll be to provide
the finance required for investnent in fixed and working capita
(in advance of sales taking place) if production and distribution
are to proceed snoothly or at all. And it wll also provide
residual "buffer" finance for fluctuating inventories as short
term expectations are falsified. But sinultaneously the financial
system accommodates the needs of the household sector with regard
to asset accumulation and allocation under conditions of
uncertainty analogous to, but quite distinct from those facing
firms. The nodel will show how the banking systemis notivated to
carry out all these functions sinmultaneously and how it can
achieve this profitably so long as its debtors do not default. A
subsidiary, but still very inportant, purpose of the nodel is to
show how prices determne the distribution of incone and wealth

THE ACCOUNTI NG FRAMEWORK

[Note. A summary of variables is provided in the appendix. The

convention will be adopted that stock and flow variables at
current prices will be described by upper case synbols; |ower
case synbols w Il describe constant price "volune" variables. The
suffixes e, p, dand s wll denote, respectively, that a

vari able 1is expected, planned, demanded or supplied. A star neans
that the variable is in a steady state relationship. The ful
model, in the exact formin which it is read by the conputer, is
given in the appendix. For various reasons this differs slightly
- though in uninportant ways - from what is described in the

text; for one thing the conputer demands a degree of rigour which
becones tedious in a verbal exposition. The keen reader nay,
however, w sh to have recourse to the appendi x version, which has
been tried in the fire of nunerical simnulationl

The standard macro-econom ¢ nodel enploys a very inpoverished

‘The statement holds as well for financial assets as for
mer chandi se as Kregel (1995) has shown.

‘Ibid. p.11



conceptual franmework, consisting of little nore than the nationa
incone identity (between expenditure and factor incone) plus,
havi ng deducted taxes and transfers from both sides of the
equation, the identity between the aggregate financial balances
of the three main sectors - governnent, overseas and private
donmestic. It is left nysterious how credit noney and, nore
general ly, financial institutions, fit into the story at the

| evel of accountancy.

In what follows, | start fromthe real world as described in, for
instance, Table 11.1 of the National Incone Blue Book which

shows, for single years, a conprehensive matrix describing flows
of funds in the British econony. The table which follows shows
the adaptation of the Blue Book table which | shall use in this
paper and which forns the accounting basis of ny sinulation
nmodel . Like nmuch of what follows it is heavily indebted to
Tobin's work (e.g. in Backus et al.(1980))



Table 1: Flow of funds at

current prices

H hl ds. Firms Gov't Tot al
Crnt. Cptl. Cpt |
Consunpti on -C +C 0
Gover nnment +G -G
expenditure
Fi xed +I'N -IN
i nvest ment
St ockbl dng. +AT - Al 0
{bef. IVA)
[ St ock [-IVA]
app. !
[ Nati onal [(+Y]
i ncone]
Tax -T +T 0
Wages +W\B -WB 0
Profits +FD -FN +FU 0
Debt -rl.L_. 0
i nterest
Interest on +rm.M3 .. 0
- noney
- bills +rb.Bsp., -rb.Bs . 0
- bonds +Bp . -Bp . 0
A stocks of -AHp - AHf -AHDb +AH 0
- cash
- current -AM1 +AM] 0
deposits
- demand - AMB +AM3 0
deposits
- bills ~ABsp - ABshb +ABs 0
~ bonds - ABp. pb +ABp. pb 0
~ equities - Ae. pe tie . pe 0
~ | oans +AL - AL 0
Tot al 0 0 0 0 0 0
N.2. Nom nal capital gains or |osses (on bonds and equities) are:

Apb.Bp_.
and Ape.e._,

Vari abl es in square brackets are inportant

transactions and therefore have no counterpart

accounting auxiliaries which are not
in other colums.



In sone respects Table 1 is sinpler than the Blue Book table. As already
nmenti oned, the nodel assunmes that the econony is closed and also that the
househol d sector neither invests nor borrows and this is reflected in ny
table. On the other hand it does use a double entry matrix so that every
flow can be seen to be a transaction involving at |least two sectors. And
while many of the conponent parts of Table 1 are nore aggregated than the
Bl ue Book table, others are less so; in particular, credit noney and
governnent securities are disaggregated and interest flows are
represented as opening asset stocks multiplied by the interest rate
appropriate to the asset in question

Table 1 defines nost of the synbols which describe the current price
flows of the nodel and it is hoped that the general schema will be
|argely self-explanatory. It is assuned that "bonds", Bp, are
perpetuities, each paying #1 per period, hence the interest flow is given
by Bp(-1), the long interest rate by 1/pb where pb is the price of bonds
and the end period value of the stock of bonds is Bp.pb. Simlarly,

equity consists of bits of paper, e, which entitle their owners to
receive the flow of distributed profit, FD, and which have a price, pe

Central to the nmethodology | am putting forward is the notion that the
accounting should be conprehensive in the sense that there are no "bl ack
hol es" - every flow cones from sonewhere and goes sonmewhere. But this is
easier said than done. In a fully articulated nodel with N equations, the
Nth equation is always inplied by the other N - 1, so a nunerica
solution can only be found if one equation is dropped from the
specification. It is then possible to test the nodel's accounting by
ascertai ning whether or not the "dropped" equation is indeed satisfied
In the nodel deployed here | have habitually dropped the equation which
makes banks' demand for bills equal to the supply of bills to the banks.
It was ny experience that, to a humliating extent, the dropped equation
initially turned out pnot to be satisfied and it was often a devil of a
job to find out why. Al of which is sone justification for the very
tedi ous section on accounting which imediately follows. | found the
definition of profits and the way in which prices distribute the nationa
incone particularly difficult to sort out. And | found too that recourse
to manual s and textbooks was fruitless. But unless we are operating wth
a logical system we wll get nonsense answers. Stocks should be
accunul ati ng somewhere but are not in fact doing so etc. etc.

So here goes.

The top six entries in Colum 2 of Table 1 show the famliar Nationa
Incone identity as part of the current transactions of firns.

1) Y=C+ G+ IN+ I - IVA

where Y is GOP, Cis consunption, G governnment consunption, IN fixed
investment, AI the change in the value of inventories and |IVA stock
appreciation. Note that the change in the value of inventories, in conmmon
wth the change in the value of all stock variables, may be divided into

two conponents



2a) AI = i.UC - i_,.UC

2)

Ai.UC + AUC.i_,

where the | ower case describes the volune of inventories and UC is the
deflator for inventories. As inventories are assuned to be valued at
cost, the deflator is taken to be equal to wage costs per physical unit
of out put

y
where WB is the wage bill and ¢ is output valued at the unit cost

obtaining in sone base year (so that unit cost (UC) takes on the value 1
in the base year).

Of the two terns on the RHS of 2) above, the first describes the change
in the volume of inventories at current prices while the second describes
stock appreciation (IVA stands for "inventory revaluation adjustnent").
As only the first of these two expressions (Ai) corresponds with a
production flow, the second, Wwhich describes the change in the value of
the opening volunme of inventories, IVA is always deducted in officia
statistics fromthe total flow of expenditure to derive aggregate
production and this practice has been foll owed here.

Unl i ke consunption and government expenditure, investnent in fixed
capital and stockbuilding do not originate in other sectors, SO In a
doubl e entry system of accounts they have to come from a capital account
within the firm sector. The funds to pay for this capital expenditure
have, in turn, to conme from somewhere - to be precise, from sone

conbi nation of wundistributed profits, issues of securities (here assuned
all to be equities) and, as a residual source of finance, the change in
bank | oans net of cash stocks. So, to make colum 3 sumto zero

4) IN + AI = FU + AHEf d + Ne s.pe + AL_d

where FU is undistributed profits, Hf is cash held by firns, e is
equities, pe the price of equities, L bank loans and A is a first
difference operator. The subscripts d and s, describing demands and
supplies are included in the identity to denote that firnms plan

consi stently.

The standard assunption that all profits are instantaneously distributed
is absurdly unrealistic, by-passing and trivialising the role of the
financial system which is the main focus of interest here. The enpirica
fact is, of course, that investnment is preponderantly financed out of
zndistributed profits.

~ had better bite the bullet at this point and derive profits from the
appropriation account of firnms shown in colum 2 of Table 1 as this wll

8



have inportant inplications later on. So long as they are defined gross
of all interest and dividends (as well as depreciation), gross profits
(FG are given by the identity

5) FG= S -T - W + AI

where T describes taxes, assuned here all to be indirect and paid by
firms. | have found that people who have not nade a special study of
accounting sonetines have difficulty in penetrating 5), although the
matrix clearly inplies (since colum 2 sunms to zero) that this expression
correctly evaluates the flow which can potentially be appropriated by the
owners of firns and their creditors (subject to a liquidity constraint)
while leaving the firm intact.

Since, with a closed econony and no production taking place outside the
firm sector, all costs resolve into wage costs, and since we assune the
production period to be shorter than the accounting period, end-period

inventories valued at cost are given by

6) | = c.WB

where o is the proportion of the wage bill paid out in the period which
was not enbodied in sales which took place in that period. Simlarly, the
opening inventory is given by

6a) I, =0,.WB,
Putting 6) and 6a) into 5) and collecting terns we now have an intuitive
definition of 5)

7) FG=S -T-(@1-0) W - o WB_

- an identity which nakes gross profits equal to net-of-tax sales I|ess

the outlays, counting on a FIFO basis, necessary to produce those sales
To spell it out, the cost of inputs enbodied in sales in any period is

equal to paynents nade in the previous period but not enbodied in sales
that period plus paynents made this period which were enbodied in sales
this period.

As nentioned earlier, the definitions in 5) and 7) refer to profits gross

of all interest and dividends. But this is not good enough because, as
production and distribution take time, funds are necessarily tied up
until sales actually take place. A@cordlngly there is un unavoi dabl e
cost, additional to the wage and salary bill, generated in the course of

produci ng goods and services which is equal ‘each period to the loan rate
of interest tines the opening value of inventories. Thus the pnet profit,

FN, potentially extractable by the entrepreneur from his whole set of
busi ness operations is given by
8a) FN = S - T - WB + AT - r1.I_.

or (using 7)



8 FN=S -T~-(1 -o)WB - o_; (1 + rl).WB,

It seens to be the universal practice of national incone statisticians
having justifiably defined the national incone "with" IVA (= after
deducting stock appreciation) to go on to define "profits" as gross
profits (equation 2) net of stock appreciation as well - for this has the
conveni ence that total factor inconme is then equal to total production.

But this procedure does not, in general, produce a definition of net
profits that is justifiable in balance sheet terns - the one shown in 8)
and 8a) above - that is, the profit flow which can be extracted by
entrepreneurs (subject to a liquidity constraint) yet |eave the business

intact. The official definition of profits will only accord with the

"bal ance sheet" definition in the unusual case where (using 2) and 8a))
_ AUC

9) I_l.rl = I_l.—[E-_—l

- that is, when the loan rate of interest is exactly equal to the rate of
cost inflation.

In what follows, the unconventional but conceptually coherent definition
of profits described in 8 and 8a) will be retained. For nothing else
will fit neaningfully (i.e without generating neaningless residuals) into
the matrix format of Table 1: paynents of interest to cover the
inevitable financing costs are shown (a conmponent of the entry in colum
2) as an explicit charge on gross profits. The balance is net profits,

FN, part of which is distributed (FD) and rest is undistributed (FU) and
this, in turn, becones an inportant source of funds for fixed investnent.
Stock appreciation is only a nenorandum item which has no place at all in
the transactions matrix!

ACCOUNTI NG OF THE HOUSEHOLD SECTOR

Recei pts of household inconme (YP) above the line are shown in colum 1 of
Table 1 and conprise labour income and flows of property incone in the
form of interest and dividends.

10) YP = WB * FD + rm.M3_, + rb.Bsp_. + BP-:

Any difference between receipts of household incone and paynents for
consunption all has to accumulate somewhere. AS we are assuming that
households neither invest nor borrow, all their saving nust accunulate in
the form of financial assets. It has been assuned here that households
have a choice between six financial assets, cash (Hp), two kinds of nobney
(Interest bearing (M3) and non-interest bearing (M)), two kinds of bonds
(long (Bp) and short (Bsp)) and equities. Assuming (until we get to the
behavioural section) perfect foresight and consistent planning

12y yr - C = AHp d + AM1 d + AM3 d + ABsp d t ABp d.pb + Ae d.pe

10



Note that the change in the nom nal stock of household wealth (V) differs
from the sum of the flows described in the RHS of equation 11) above
by the anount of any nominal capital gain on bonds and equities. To be
precise, the change in nomnal wealth is given by

12a) AV = YP - C + CG
where capital gains are

12) CG = Apb.Bp_; + Ape.e_;

4

It will be convenient to adopt a quasi-H cksian definition of disposable
income (YD) as the flow which, if entirely consuned, will |eave the

weal th stock unchanged®. In nominal terms

13a) YD = C + AV

13) = YP + CG

The flow identity given in equation 13) above has the inportant
operational neaning that, given the balance between inconme and
expenditure, nore of one asset can be acquired only if less of other
assets (taken together) are transacted to an equal extent.

THE GOVERNVENT

The accounts of the governnment (defined here to include the central bank)
are very conventional. The governnent receives taxes and pays for its own
expenditure plus interest paynents. Any deficit nust be net by sone

conbi nati on of changes in cash, bills or bonds.

14) G + rb.Bs_. + Bp., = AH_s + ABs_S + ABp_s.pb

As with the household sector, the operational neaning of the identity is
that given the financial deficit, no one conponent can be altered (say,
the supply of cash) w thout an equal and opposite change in the sum of
the other entries.

THE BANKS

The appropriation account of the banks is shown in colum 4 of Table 1.
Strictly speaking there should be a residual item banks profits, to
ensure that the colum sums to zero by definition. However, we have
assuned that it is legitimate, in a prelimnary nodel like this one, to
assume that commercial banks, operating in conpetition with one another,
make zero profits; one could imagine the banking system for the purpose
of this study, to be operating as a kind of public service, followng a
set of humdrum rules rather like building societies in the UK Sc, to

*But in the conputer nodel flow capital gains are not
included in the definition of incone although they do generate
changes in wealth

11



make the appropriation account balance, we wite, as though it were an
identity

15) rm.M3_;, = rb.Bsb_, + rl.L,

and this makes the flows into and out of the banks bal ance one another.In
colum 5 we have the capital account of the banks, which shows the two
forms of credit noney as banks' liabilities while their assets consist of
| oans, reserves and governnent securities.

16) M s+ M s =Hb d+ Bsb d+ L_s

W can now draw a conclusion of considerable inportance from
consideration of accounting relationships alone. W have a matrix in
which every row and every colum sum to zero. As there are no entries
above the line in the banks' capital account, it follows that, ignoring
the possibility of default by a debtor, there is no way in which non-bank
agents can behave which can unbal ance the (consolidated) bal ance sheet of
the banking system banks' assets nust every second be equal to their
liabilities, although a "run" on banks (e.g if household want to convert
their deposits into cash) can generate a liquidity crisis unless the
governnment acts as lender of last resort. The operational problem for
banks wi Il not be to balance their accounts, but to nmake sure that their
operations are indeed profitable - apart from anything else they nust be
notivated to perform the functions they do.

ACCOUNTI NG FOR PRICES AND THE DI STRI BUTI ON OF | NCOVE

W have been too accustonmed to thinking of prices as things which clear
markets (or fail to clear thenm) and not enough about the fact that prices
are set by firms in the expectation of making profits. It is realised
sales (a quantity tines a price) relative to costs that is going to
determne the distribution of the national incone. The follow ng
accounting equations will nake it possible to endogenise the flow of
profits in the nodel"'.

We first rewite the appropriations identity (8 wth sales on the LHS
and taxes, net profits and historic costs on the RHS

17y S =T + FN +(1-0).WB + o (l+rl) . W3,

If we now define the tax rate

18) T =

the profit mark-up on historic costs

7

An extended derivation of equation 24) - the main eshibit
of the following section is to be found in Godley & Cripps (1983)
pp.186-195

12



FN
= (l-c).WwB + o;l(l+rl).hE

19) Y

and then divide 17) through by the volunme of sales, we can derive an
expression for the average price |evel of goods

S (1+1) . (1+vy) . [(1—0).WB+oi_(l+rl).WBﬂj
S

20) b = S

Finally, wusing the identities relating real sales to real output and
i nventory accunul ation

21) s =y + Ai

the rate of cost inflation

aAUC

uc.,

22) nc =

and the real loan rate of interest defined with respect to cost inflation
rli-nc

23) rrc =
l+rc

the price identity may be witten as a set of mark-ups on wage costs per

unit of output with no lagged terns_.
24) p=(1l+1). (1+y). (l+o0.rrc) .WB/y

The absence of lags neans that if 24) is divided through by the price
level (p) and nmultiplied by real output (y), we have an expression which
descri bes how the real national inconme is divided, period by period, into
recei pts by the government net profits, real wages and the real incone
of the creditors of systen

25) y = (l+1). (1+y). (l+Cc.rrc).wb

Note that 24) and 25) are both accounting identities and that 1 and v are
both variables, one of which determ nes taxes, the other profits.

We can now derive a large nunber of deflated variables - consunption
i nvestment, governnment expenditure, real disposable incone and real

"Equation 24) is, in effect, identical in form and
substance to that proposed by Gaziani in, for exanple,
"Production, <circulation et nonnaie". The differences are that

Graziani omits the governnent and assumes an accounting period
which is equal to the accounting period.

4
13



weal th by dividing them each by the price level, assuned equal to 1 in
some base year.

The flow of real disposable incone is
26) yd=c+Av=YP/p+ CG/p -v_ .n/(l+mo)

where cg is real capital gains, nis the inflation rate and the fina
termis the erosion of real wealth stocks as a consequence of inflation.

SOVE MACRCECONOM CS

[Note to readers of the first draft of this paper. The main purposes of
what follows are to show how the whole system fits together and cast the
banks in a realistic role. The parts dealing wth consunption and
investnment are very scanty; but the framework would survive alternative
treatments of these functions.

A) BEHAVI OUR CF FI RVB

Firms have to make decisions regarding how much to invest, what prices to
charge, how much to produce and how many people to enploy - based on
their expectations regarding sales and the extent to which they wish to
change the inventories with which they open the period. In what

i mediately follows we follow line for line the operations described in

H cks (1974)

The production decision may be witten

27) y=se + ip- 1.

where ¥, § e are respectively real production and expected sales where
the bar neans that these variables are measured in the sanme units as rea
inventories, that is, at constant factor cost, excluding profits and

i ndirect taxes. Equation 27) says that firnms decide to produce what they
expect to sell plus the change in inventories they wish to bring about.

Firns' desired inventories are described by the followi ng partial
adjustment process

28) i=h o te. (i* - i)

that is, firns intend to nove them some distance towards a norna
stock/sales ratio described by

29) i* = (.3 e

Actual inventories are then determned by the extent to which sales
expectations are falsified
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30) i = ip + (8-3_e)

For sinulation purposes we assunme that sales expectations are forned
adaptively, subject to random shocks

31) 3 e =3, + Rl

where R1 is a random vari abl e.

Labour productivity is initially assunmed not to change, so if average
wages (W are scaled to unity in the base year

32) WB = W.N

Enpl oynent (N) is related to output and we shall assune to start wth
that productivity is constant

33) 1In(N) = ng + n:in(y)

For investnent | assunmed a crude accel erator based on expected sales
34) k* = B,.5 e

35) in =B, .(k* - (1 - dep) .k..)

where dep is the rate of capital consunption. So the end-period stock of
capital neasured at constant prices is

36) k = (1 - dep) .k, + in
and the stock of fixed capital "at replacenent cost" is
37) K=Kk.p

For sinulation purposes it has been assunmed that all of fixed investment
is financed, with a lag, out of undistributed profits

38) FU = BK._.

Note that this equation, by virtue of 19) and 26), describes the way
firnmse determine the flow of profits through the size of the mark-up

In addition firms have sonme resort to new equity issues whenever the
level of equity prices makes Tobin's g exceed unity

39) Ae s = ¢ (g- 1)

pe.e s

40) g = =
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whil e stocks of cash held by firns follow sone trivial rule
41) H _d = wv.s

W are left with bank | oans - the indispensable residual conponent of
finance which covers inventories as they take up the slack between actual
and expected sales and provide initial finance for fixed investnment which
gets repaid when undistributed profits rise, by 38), to pay for it in a

| at er period.

42) AL d = IN + AI - De_s.pe + AHf d

There remains, so far as firnms' behaviour goes, the distribution of
di vidends, which is assuned to follow sone sinple rule e.g.

43) FD = 5.K_,

B) BEHAVI OUR OF HOUSEHOLDS

The conventional (elenmentary) assunption that consunption is sone
proportion, |less than one, of disposable inconme obviously cannot describe
a steady state since it inplies, by 26) above that the real stock of
wealth is increasing wthout limt.

We assume, fairly conventionally, that real consunption is sone
proportion (less than one) of expected real incone plus another
proportion of the opening real wealth stock

44) c = a,.yd e + a,.v_,

This consunption function inplies (bearing in mnd the definition of real
di sposable income in 26) that, in a full steady (stationary) state where
Av must be zero, the consunption flow exactly equals the incone fiow so,
in an ex post sense, the average propensity to consune is then one

al though the marginal propensity to consunme out of incone obviously

remai ns | ess than one.

Note that this consunption function can be alternatively witten,
substituting 26) and collecting terns, as a wealth adjustnent function
1-a.
45) Av_e = a, - .yd e - v.
_ x :

2

or, solving out |agged wealth recursively, consunption can be witten as
a function of current and |agged inconme wth the coefficients conscrained
in a particular way, to sumto unity

45z) ¢ =al.yd e + q,. (l-a)yd - o (l-a). (l-o)yd .

We shall assune, analogously with our treatnent of firns' expectations of

16



sales, that expectations about real incone are determ ned adaptively,
with a random conponent

46) yd e = yd, + R,

where R, is another random vari able.

Expected end-period wealth is determned by opening wealth, capita

gains, expected incone and consunption. Any addition to wealth has to be
exactly allocated between the six assets shown in Table 1 and described
by 11).

It is assunmed that the decision about how much cash to hold is, these
days, conpletely uninportant and dependent entirely on the value of
transactions carried out

47) Hp d = up.C

So asset choice proper is concerned wth expected total wealth excluding
cash, a variable terned VN

48) VNe = V. e - Hp d

The asset demand functions may be arrayed, a la Tobin, as follows, wth
argunents covering all real rates of return, including that on cash - the

negative of the inflation rate - in every one of them
* YP e
49) M* d - N, - A orrbb - X rrb - A rrm - XN rrk - Anr + A, =
W e 0 ‘ ’ : 5 ° Ve
YP e
50) Bsb_d A, *A,.rrbb - A rrb - A.rrm - A rrk + A Tr - Al =
W e ¢ . “ -3 77 Ve
51) Bpd d.pb =N., - A..rrbb + A rrb - A fTM- A rrk + A..0r - A YP e
VN e 10 ni L2 3 4 s 1 V_e
Yp
52) e—x}i'fe =N,, ~ N,.rrbb - A rrb - A,,rrm + A, rrk + A, Ir - A, V—ee

where rrbb, rrb, rrmand rrk are all real rates of interest, derived
using the Fisher formula for discrete tine.

The demand for M3 is given by residua
53) M3 d=VNe-Ml d-Bsp d- Bp_dpb - e_dpe
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but the full Tobi nesque specifications which | have used ensure that the
constant in the inplied function is positive and the coefficients have

the right signs, that is, a positive sign on the noney rate of interest
and negative signs on all other argunents.

It is assuned that m staken expectations about disposable inconme turn up
as differences in holdings of M conpared with what was targeted in
equati on 49) above. Thus

53) M1 d = M* + VN - VN_e

The demand for M (again a |la Tobin) nust be given a non- negativitK
en

constraint, which inplies that, if households are very badly msta
wth regard to their expectations about incone, their demand for M, by
53) above will take any residual strain.

Note that while income as a share of wealth has been included in ail the
asset demand functions in deference to the idea adopted by Tobin that
there is a transactions denmand for M, we have not allowed, in the

simul ation nodel, for any adjustnment |ags between desired and actual
asset structures. This is yet another of the nodel's weaknesses!

Not e however that the constraints on the coefficients are sonmewhat nore
el aborate than those proposed by Tobin, at least in Brainard and Tobin
(1968). For surely the effect on the demand for any asset as resuit of a
given rise in the rate of return on that asset .cet., ocar Wl not be
different fromthat of a fall (of the sane size) in the rates on all

other assets, the own rate held constant. Accordingly it has been assuned

in the simulation nodel that, reading each function horizontally, the sum
of all coefficients on other rates of return will equal that on the own
rate, and that the coefficient of each individual rate is roughly
proportionate to the share of the asset in question in the total wealth
st ock.

What did we nmean by rk, the rate of return on equity? Define the rate of
(distributed) profit

55) rr = —
K.

once again following Tobin, we define the rate of return on eguic;

rr

56) rk = —
q

where q is the ratio of the total value of equity to the stock of
physi cal capital valued at replacenent cost described in 40).
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If we now postulate an equilibrium condition

57) ed = es

then equation 52) determines the price of equity.

C) BEHAVIOQUR OF THE GOVERNMENT

The governnent has four policy instruments at its disposal governnent
expenditure, the tax rate, the short term (bill) rate of interest (which
it announces) and the outstanding stock of long bonds, which it
determ nes by open narket operations. Tosay that the bill rate is an
exogenous policy instrunent is also to say that bills are supplied on
demand (i.e. at the declared rate of interest) to whoever pays for them
househol ds or banks

58) Bsb s = Bsb d

59) Bsp_s = Bsp_d

This is obvious enough in a way. But note that banks can only get nore

bills, cet. par. if they exchange them for reserves and households, to
get nmore bills nust exchange them for sone other asset, typically the

cl osest substitute - M3. But households will only be notivated to do
this, inthe nodel, if relative interest rates change in favour of bills

and agai nst MB.

The assunption that the government engages in open narket operations with
regard to bonds nmeans that the equation equating demand and supply for
| ong bonds

60) Bp_d = Bp_s

is an equilibrium condition which determnes the long bond rate via the
price of bonds in equation 51)

BEHAVI OQUR OF BANKS

[Note to readers of the first draft. Wile | feel very confident about ny
accounting | am particularly uncertain about the section which follows
although | believe it to be nore inportant than anything else in this
paper. So | am particularly anxious to get comments on this. The nodern
literature has very little, so far as | know, on the role of comercia
banks in a macroeconomic nodel. In fact, the only piece of real stature
that | know is Tobin (1969). However banks in Tobin's paper are
essentially agents operating in financial markets who do nothing but make
an asset choice exactly like the asset choice of households and conducted
according to the sane principles. The role of banks is thus nothing nore
than to extend the range of asset and liability choice open to househol ds

and firns. | am proposing sonething conpletely different from this which
al though not new has never so far as | know been fornalised before. | am
saying that (within strict linits e.g. concerning credit-worthiness)
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banks respond passively to the needs of business for loans and to the
asset allocation activities of households (as well as providing the neans
of paynent). They nake profits not by deciding where to invest but by
setting prices (i.e loan and noney rates of interest) in response to
quantity signals. Loans are not (negative) assets but factors of
production which inply a cost of production as much as the enploynent of
labour]

W cone at last to the core of what this paper is designed to show as
regards system c behaviour (as opposed to systemi c accounting). On the
one hand we have the demand for cash from househol ds and businesses and
the demand for the two kinds of credit noney from househol ds which
together nmake up the liability side of banks' balance sheets. And all

t hese denands fluctuate at short notice in response to household incone,
expenditure and asset allocation as expectations are falsified or as
expectations thenselves shift. At the same time the denmand for bank

| oans, being the residual source of finance for business, fluctuates in
response to "the needs of trade" as demand and output evolves and as

di verse expectations are formed and always to sone extent falsified. The
fluctuations in the demand for |oans are the outcone of set of influences
quite distinct from those determ ning the demand for noney. Yet the banks
have no difficulty (at least in the nodel) in fulfilling all the
functions required of them gassivelv. By this | nean that they wll

al ways "accept" a deposit made with them whether M or M (which neans
that they will always exchange one deposit for another or for cash or
bills); and they will always nake |oans to finance certain types of
expenditure, subject to security being satisfactory, which neans that the
| oanee makes a draft on an account which has nothing in it, which turns
up as soneone else's deposit. And banks can do all this and stay
continuously solvent and profitable.

How? The key resides in the fact, already pointed out, that as all other
rows and columms in the flow of funds matrix sumto zero, the banks'

bal ance sheet nust always do the sanme thing - it is literally inpossible
for any configuration of demands for noney, cash or |oans whatever to
disturb the equality between banks' assets and their liabilities so |ong
as there is no default.

But this is not (yet) to say that the banks' activities will always be
profitable. One threat to banks' profitability resides in the possibility
that for one reason or another (for instance if non-banks' hol dings of
noney fall at the expense of their holdings of government securities)
banks' holdings of bills falls towards zero and threatens to becone
negative. At that point the profitability of banks' operations becones

t hreat ened because the governnent (central bank) may not issue negative
bills i.e. lend, except at penai rates of interest. Accordingly, it is

assuned in the nodel that banks, if their holdings of bills threaten to
becone negative, Wl raise the noney rate of interest, thereby inducing
households to exchange governnent securities for holdings of M3. | have
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modelled this response, adnittedly very crudely, by introducing a |ogical
function which says that the rate of interest on nmoney will be raised
whenever banks' holdings of bills approach zero and reduced whenever they
are above sone |ow nunber.

61y Arm> 0, Bsb < 0; arm < 0, Bsb > 0.1

Banks' freedom (in this nodel) to offer whatever rate they like on M
will ensure that, except in sone very short term they do not have to
borrow from the governnent.

The profitability of banks' operations as a whole can now be guaranteed
because they can set the loan rate of interest at whatever rate ensures
such an outconme. The condition which guarantees zero profits is that the

loan rate is set such that’
62) rl.L., = rm.M3_, - rb.Bsb_.

W can now wite in the renmaining equations which describe, formally, the
functions of banks.

It is assumed that, whether by law or custom banks operate a fractional
reserve system which keeps their liabilities as some multiple of their
reserves

63) Ho . d =p (M + M3)

For the rest, we now have enough degrees of freedomto wite down the
followng equalities

64) Ml s =M d

65) M3 s M3 d

66) L s =1 d

The meaning of these equations is that once noney rates have been set
such that banks do not have to borrow from the central bank and |oan
rates such as will guarantee the profitability of their operations as a
whol e, banks can profitably match any conficuration whatever of denmand
for nmoney on the part of households and, deternined quite separately,
demand for loans on the part of firms.

If this account of banks' operations is correct in very broad outline, it
makes no sense to attribute unidirectional causality to any part of their
operations - to say, for instance, that "every loan creates a deposit".
For we are looking at a conpletely interdependent system in which the
final outcone, |ooked at ex post, IS the resolution of a huge nunber of
diverse inpulses. It may sonetines be the case that an additional |oan,

'This equation has already appeared in the accounting
section as 15)
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for some period of tine, can clearly be said to create a deposit. But it
may equally be the case that a holding of noney is used in such a way
that it extinguishes a loan (as well as itself). Whatever else may be the
case, It can never nake any sense whatever to say of the stock of credit
noney that it is "exogenous" or that it can be "treated" as exogenous

GATHERI NG SOVE THREADS TOGETHER

Barring a few bits of accounting”" too trivial to be worth a line in the
text, | have now described a conplete nodel. It has about eighty
equations, and therefore eighty endogenous variables, which conprise all
expendi tures at constant and current prices, the national income and its
di stribution between wages and profits, stocks of real capital and
inventories and six different financial assets, the price of goods,
equity prices and several interest rates. The nmain exogenous variables,
counting the way normally used by macro-economi sts, are the policy

vari abl es (government expenditure, the tax rate, the short interest rate,
the stock of long bonds and banks' reserve ratio) plus nom nal wage
rates. However in ny very strong view, those concepts which enter the
functions in the form of "paraneters" should be thought of as thenselves
being variables. It is, | believe, a crazy aspect of the econonetric
study of time series that it seeks to discover stable paranmeters where
stability is obviously not there to be found". For instance, there is
every reason to suppose that in the real world the demand for M, and
therefore the demand for all other financial assets as well, wll be

dom nated by continuously changing expectations and by uncertainty wth
regard to a wide range of inponderables - the political outlook, the
prospects for inflation, the exchange rate, and equity and other asset
prices, as well as by self-generated and self-reinforcing swings in

confi dence.

The two nost inportant things which a nodel of this kind does are first,
sinply to show with precision how all the concepts - a conprehensive
system of stocks and flows at constant and current prices - fit together.
Then, with nunerical solutions easy to obtain, we can gain insights into
how the system as a whole functions, by first obtaining a base solution
and then changi ng one exogenous variable at a time to see what difference
is made. It mght seem as though any particular nodel "run" depends so
much on the particular nunbers used that the results are conpletely
arbitrary and have no general application at all. However, it is ny
experience that repeated sinulation, conbined with iterative nodification
of the nodel itself, does progressively lead to inproved understanding,
for instance of what the stability of the system turns on, what

conbi nations of paraneters are plausible and how the whole thing responds

These were a few accounting equations too trivial to nerit
di scussion in the text but which were necessary to conplete the
nodel. All the equations are gathered in a reasonably organised
sequence in the appendi x.

‘'See Hendry's attenpt (in Baba et. al. 1992 to find a
stable demand for noney function for a good example of this.)
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when subjected to shocks. So finally I note sone general properties of
the nodel and descri be what happened when it was shocked in one or two
ways.

The nodel solves easily and is stable. For reasons well known ever since
the famous (1967) paper of Christ (further developed by Blinder and Solow
(1975) and also by Tobin and Buiter (1976), a stock flow nodel (of a

cl osed econony) of this kind has a theoretical full steady state in which
the real output flow is equal to real governnent expenditure (defined to
include the flow of interest paynents) tines the reciprocal of the tax
rate. However the existence of a financial system may involve a very
substantial degree of disturbance to the econony's evolutionary path. The
nost striking disturbance arises when wage inflation (which |I have so far
treated as exogenous) occurs. The inportant thing to say about inflation
is that there is no way to prevent it from destroying large quantities of
financial wealth which has a deflationary inpact on real demand. (This
has already been pointed out by Tobin (1982). If real interest rates are
kept constant the (adverSﬁ) impact effect on real wealth stocks is even
greater. However, It is also the case that if the governnment adopts a
neutral fiscal stance, the econony does, after a long tine, return to the
sane steady state. During the recovery period - and helping to generate
the recovery - the governnent nust be held to be running a deficit and
therefore shelling out financial assets which eventually restore the

depl eted wealth stock.

Now for a few experinments. Conpared with sonme given "alternative"
position, try assumng that the governnent reduces short term interest
rates and, by inplication, simnultaneously increases the stock of cash and
reduces the stock of bills. What happens? The net effect is to reduce al
interest rates, increase the price of equity and stinulate demand sure
enough. Moreover, as we have assuned a fractional reserve banking system
the total stock of credit noney goes up in proportion to the rise in
banks' reserves (not the same thing, incidentally as the rise in total
cash because househol ds change their cash holdings too). But the
mechanism by which the stock of money goes up is entirely different from
that in the textbooks. For |oans increase only by sone second order
anmount to cater for the needs of trade. The main counterpart of the
increase in the stock of noney is a reduction in non-bank hol dings of
governnent securities, Wwhich cones about because banks' change the noney
interest rate relative to the bill rate in order to satisfy the zero
profit condition.

Anot her interesting sinulation result is that with mark-up pricing, even
if one makes the assunption that noney wages follow a random wal k, a
regression of wage inflation on price inflation invariably turns up wth
a coefficient in the region of unity. |f one adds enploynent this takes
on a positive coefficient and |agged real wage rates takes on a negative
coefficient. So although as Creator we know that wages behave randomy
the regression is telling us that we have a vertical Phillips curve!

| have read speculations in the post-Keynesian literature about what may

happen if (other things being equal) there is a collapse in confidence
which increases the demand for cash. One mght say (I have seen it said)
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that this will reduce activity because it inplies a reduction in the
demand for other assets which will reduce their price, thereby giving
rise to a wealth effect on consunption.

The nodel presented here, even in its present very undevel oped form
makes it possible to think about a proposition of this kind with

i ncreased precision. Thus, one's first inpulse mght be to shock the
solution by entering a higher constant in the demand for M equation (A
in equation 49). However if that is all one does, the structure of the
nodel is such that (ex_an-) the whole of the increased demand for M has
its counterpart in reduced demand for M3 - clearly an extreme assunption.
So (as we discover) the only sensible way to do the experinent is to
specify just where the noney is to cone from by adding to A, but

si mul taneously deducting appropriate anobunts from A,, and A,, - the
constants in the other asset demand functions. Wen | actually did shock
the systemin this way, | found that initially there was, indeed, a fall
in the price of equity, which had the effect of reducing total real
demand. However, this effect was not necessarily enduring, depending on
the extent to which the rise in holdings of M was offset by a fall in
hol dings of MB (as conpared with other assets). Thus any switch from M
to M increases banks' ex ante profits (for their total liabilities cost
them less at given individual interest rates) and this puts a downward
pressure on noney and loan rates which (by equation 5.2) has the effect

of raising equity prices again.
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Equations of the model
The equations are exactly the ones used in the conputer nodel and differ
slightly fromthose in the text because of the exigencies of conputer
logic. For this reason the follow ng equations have a different nunbering
2Y3232 pﬁgégdtgﬁttﬁgeefﬁﬂgggqﬂig ﬂil}abbﬁug?ggﬁgigﬁg Lﬂdeiﬁﬁ %%?gihggejs
respectively, bond and equity prices
X s =C+G+I N
X2 Y =S +a1-1VA
X3 cC==¢c.p
x4 G=2g.p
x5 IN=1in.p
X6 Il =i.UC
X7 WB = WN
X8 UC = wB/9
X9 | VA = aAUC.1_,
X10 g =8 + A1
X1l 3 = e.s
x12 s=c+g+in
X13 y = s + A1
x14 p = (1 + ) (1 + y) HC/s
x5 HC = WB - AT + rl.1Ld_.
X 6 = S.t/(1 + 1)

T
x17 'y = FN/HC
1*

Xl 8 = (.5 e
x19 i p = i, + w. (17 - i)
x20 1 =1 p - (3 - & _e)

x21 5 e =35, + Rl
x22 FN=FU + FD
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X23
X24
X25
X26
X27
X28
X29
x30
x31
x32
X33
x34
X35

X36
x37
X38
x39
x40
x41

X42

x43

x44

FU = IN,

FD = &8.K_,

in = B, (k" - (1 - dep) k)
k* = B, 3_e

k = (1- dep) . k,; + in

K=k.p
rr = FD/K_,
rk = rr/q

g = pe.e_d/K

Ae_S = ¢ (CI-1 - 1)
AL d = IN + AT - FU - de_s.pe
In(N) = n, + n; 1In(y)

YD =W + FD + rm.m3_d_. + rb.Bsp_d_,

+Bp d_.
yd = YD/p
AV = YD - C + Apb.Bp d_. + Ape.e_d
v = v/p
c =, yde + o .v_.
Ho d = uC
M1™ d=VNe. _ tA, rrbb - A, rrb - AL rrm

-A, rrk - A mr + A, YD e/VN_e)
Bsp d = VN _e(X,, +A;, frbb - ., rrb - x;. rrm
- Ay, Frk + A,. nr - A, YD e/VN_e)
pb.Bp.d = VN e (A,, - A., rrbb + x.. rrb = A5 rrm
- X, Irk + A _.or - A, YD _e/VN_e)
pe.e.d = VN e (A,, — A,. frbb - A, rrb - 2,, rrm

+ A,, Frk + A, mr - A, YD e/VN_e)
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X45
X46
x47
X48
X49
x50
x51
X52
X53
X54
X55
X56
X57
X58
X59
X60
X61
X62
X63
X64
X65
X66
X67
X68
X69
X70
X71

M d=M"'_d+ (VN - VN e).2

Z = M* d.GT.O

M3 d=V-H_d-M_d-Bsp d- Bp_dpb - e_dpe
VN e = V_e -Hp_d

Vn =V - Hp_d

Ve=V,+ YDe-C

YD e = YD, + R,

yd e = YD_e/p

n = Ap/p_;

nr = /(1 + m

pb = 1/rbb

rrm = (rm - 1)/ (1 + 1)
rrbb = (rbb - m) /(1 + )
rrb = (rb - m) /(1 + m)

rek = (rk - o) /(1 + m)
Ho d = uC
AH s

Bsb d =M_s + MBs -Ls-H_d

G+ Bp s..+rb.Bs s.. - T - 4Bs_s - ABp_s.pb

Ho d = o(Ml_s + M3_s)

rl.L s.. =rm M3 s. - rb.Bsb_d..
Arm = ZED. .005 - EX .005

EX = Bsb d_,.GT. .01

ZED = Bsb_d_,.LT. O

Ho s = H s - Hb_s

Bs s = Bsb_s - Bsp_s

L s=1L4d

27



x74
X75
X76
X177

Bsp s = Bsp d
Bp d = Bp_s
Bsbs=Bsbhd

Hb s = Hb d
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LI ST OF VAR ABLES

N. B. Wen variables are given in tw versions, UC and LC, the fornmer
refers to current prices, the latter to constant prices

Bp = Bonds

Bsb = Bills held by banks

Bsp = Bills held by househol ds

Bs = Total bills

C,c = Consunption

dep = Rate of capital consunption

e = stock of equity

EX =1 or O (as ZED bel ow)

FG = Goss profits

FD = Distributed profits

fr = Reserve ratio

FU = Undistributed profits

G g = CGovernnment expenditure

H = Total cash

HC = Historic costs

Ho = Cash held by banks

Hp = Cash held by househol ds

I,1i = The stock of inventories _ _ W _
VA = Stack appreciation ("inventory valuation adjustnment” in Anmerican
Engl i sh)

K,k = The stock of fixed capital

L = Bank | oans

M = Non interest bearing credit noney
MB = Interest bearing noney

N = Enpl oynent

p = price of goods

pb = price of bonds

pe = price of equity

pi = inflation rate

pir = ditto expressed as a rate of return

g = Tobin's ¢

Ral, Ra2 etc = A random variable _
rb, rbb, rl, rm rk, rr = nomnal rates of interest on bonds, bills,
| oans, noney, equity, capital ) )

rrb, rrb, rrl, rrm frk = real rates of interest ditto

S,s = Total final sales

sbar = Ditto valued at cost

T = Tax flow

tau = The rate of indirect tax

UC = Unit wage costs

v, v = Wealth stock

VN,vn = Walth excluding cash

WB = \Wage bill

W = Wage rate

Y,y = GP

ybar = Ditto valued at cost

YD, yd = Househol d di sposable incone
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ZED, zED1 =1 or 0 These are variables to operate the logical function
whi ch i nposes non-negativity (or other) constraints
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